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' Abstract 

We prove that the stable manifold of every point in a compact hyperbolic invariant set of 
a holomorphic automorphism of a complex manifold is biholomorphic to C d , provided that a 
• bunching condition, which is weaker than the classical bunching condition for linearizability, 

' holds. 

Introduction 

In this paper we study a foundational question in holomorphic dynamics: are stable manifolds 
biholomorphic to C d ? More precisely, let / : X — > X be a holomorphic automorphism of a complex 
manifold and let K C X be a compact /-invariant set. We assume that K is hyperbolic, meaning 
that there is a D /-invariant splitting of the tangent bundle of X restricted to K 



in 



TX\ K = E s ®E U 
such that for every x G K 

\\Dr{x)\ E s\\<CK n s , \\Df- n (x)\ E u\\<CAZ, VneN, 



for some numbers < A s < 1, < A„ < 1, C > 0. Here the operator norm is induced by some 
Riemannian metric on M, but the notion of hyperbolicity and the numbers A s , A„ do not depend 
on the choice of this metric (see e.g. |Shu87j . [KH95] . or |Yoc95] for general facts about hyperbolic 
j_j ■ dynamics). Then each point x £ K has a stable manifold 



W s {x) :={zeX\ dist (f n (z),f n (x)) -> for n -> oo} 

which is the image of an injective holomorphic immersion W X of a complex manifold W 
which is C°°-diffeomorphic to M. 2d , where d is the complex dimension of the stable distribution 
E s . The question is whether W is also biholomorphic to C d . When this holds, with a slight abuse 
of terminology we shall say that W 3 (x) is biholomorphic to C d . 

This question has a positive answer when if is a hyperbolic fixed point - or more generally 
a periodic orbit - as shown by J. P. Rosay and W. Rudin in |RR88|. The question for a general 
compact hyperbolic set K was posed by E. Bedford in |Bed00] . In such a case, M. Jonsson and 
D. Varolin have shown in [JV02] that the answer is also positive for almost every point x S K, 
with respect to any /-invariant probability measure on K . More generally, they have proved an 
analogous result in the setting of partial hyperbolicity. Extensions of these positive results to 
sequences of holomorphic contractions 

f n :B^B, B = {zeC d \ |z|<l}, /„(0) = 0, 

under weak monotonicity assumptions on the diagonal entries of Df n (0) - once Df n (0) is put into 
upper triangular form by applying a suitable unitary non- autonomous conjugacy - are proved in 
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Pct05 , [Pct07], and [AAMll] . In particular, the main result of [AAMll] implies that the answer 
to Bedford's question is positive for every x G K which has well-defined Lyapunov exponents. See 
also |Wei97[ IFor991 IFor04[ IFS041 IWol051 IPW051 IPVW081 IBDM081 lAroll] for related results. 

On the other hand, it has been known for a long time and it is easy to show that W s (x) 
is biholomorphic to C d for every x G K when the hyperbolic set satisfies a suitable bunching 
condition: If the numbers < A;, < 1 < M s are such that 

\\Df n ( x )\ E .\\ <ca; 1 , Hoon^M -1 !! <cm s ", Vn g n, (i) 

for some C > 0, it is required that 



or equivalently that 



AtM. < 1, 



-logA s 



The number /3 is sometimes called the bunching parameter. The hypothesis that the bunching 
parameter is less than 2 implies that the restriction of / to the stable manifold of K is locally 
holomorphically linearizable, and this fact immediately implies that the stable manifold of each 
x G K is biholomorphic to C d (see [JV02J Theorem 3]). Similar bunching conditions are relevant 
in other questions of hyperbolic dynamics, such as the issue of regularity of the stable and unstable 
foliations, normal forms, rigidity results, ergodicity (see e.g. [KH951 Chapter 6], |HK02[ Chapter 
3], |HHU07j . [KN111 Chapter 5.2.2], |BW10p . 

It is also well-known that the condition /3 < 2 is sharp for the linearization question: One can 
construct examples with [3 = 2 where linearization is not possible (see e.g. |KH951 Exercise 6.6.1]). 
The aim of this paper is to show that the bunching value 2 is instead not critical for Bedford's 
question. More precisely, we shall prove the following: 

Theorem. Let f : X — >• X be a holomorphic automorphism of a complex manifold and let K C X 
be a compact hyperbolic invariant set with stable distribution E s . Assume that the condition J7J) 
holds and that 

-logA s 

where e{d) is a positive number depending on the complex dimension d of the stable distribution 
E s . Then the stable manifold W s {x) of every x G K is biholomorphic to C d . 

In particular, stable manifolds of points on 2-bunched compact hyperbolic invariant sets are 
biholomorphic to a complex vector space in every dimension. The explicit expression for the 
number e(d) is given below in Theorem 16.11 The sequence e(d) converges rapidly to zero for 
d — » oo. 

We conclude this introduction by informally discussing the general strategy behind the previous 
results about the complex structure of W s (x) and the new ideas which are involved in the proof 
of the above theorem. 

Let x G K . By looking at the restriction of / to the local stable manifold of each point f n (x), 
n G N, which is biholomorphic to the unit ball B of C d , one obtains a sequence of holomorphic 
contractive embeddings 

which fix 0. The stable manifold W s (x) is bihomolorphic to the "abstract basin of attraction" W of 
with respect to the sequence (/„), that is the inductive limit given by the sequence of embeddings 
(/n) (see [FS04] . or Section [5] below). Therefore, it is enough to show that the complex manifold 
W is biholomorphic to C d . In order to study the complex structure of such a manifold, a natural 
idea is to find a suitable non-autonomous conjugacy, that is a commuting diagram of the form 

B / " > B 
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where g n is a sequence of automorphisms of C d having as an attracting fixed point. Indeed, 
under suitable boundedness assumptions on (h n ), the above diagram induces a biholomorphisms 
from the abstract basin of attraction of with respect to (/„) to the one determined by (g n ), 
which can be identified with the domain 

{z e C d | g n o g n -i o • • • o go(z) — > for n — > oo} . (2) 

Therefore, one needs to find a sequence of automorphisms (g n ) for which the basin of attraction 
([2]) is the whole C d and for which the conjugacy equation 

Ki+l ° fn = 9n°h n (3) 

admits a suitably bounded solution (h n ). 

A useful class of automorphisms which have the whole C d as basin of attraction of is the 
class of "special triangular automorphisms" , that is polynomial maps 

g : C d -»• C d , z H- z', 

of the form 

z[ = \ 1 zi+pi(z 2l ...,z d ) 
z' 2 = X 2 z 2 + p 2 (z 3l . . . ,z d ) 



Z d _ 1 = \d-lZd-l + Pd-i(zd) 
Zd = ^d%d, 

where \Xj\ < A < 1 andp^ £ C[zj+i, . . . ,Zd] vanishes at 0. If (<?„) is a sequence of special triangular 
automorphisms, such that the pj's have uniformly bounded degree and coefficients and such that 
the upper bound A < 1 for the absolute value of the diagonal entries |Aj| is also uniform, then the 
set © is the whole C d . 

All the proofs of the previous results ( |RR88j . |JV02) . |Pet07j . [AAMllj ) are based on finding a 
suitably bounded non- autonomous conjugacy with a sequence of special triangular automorphisms. 
The nonlinear conjugacy equation ([3]) becomes linear if one considers it separately on each k- 
homogeneous part of (h n ), for k = 1,2,.... Actually, one has to consider only finitely many of 
these linear equations, because of the following general fact: If the sequence (/„) satisfies 

P/„(0)[[ <A, \\Df n (0)- 1 1| <M, (4) 

for some < A < 1 < M and is boundedly conjugated at the level of A:-jets to the sequence (g n ), 
with k + 1 larger than the bunching parameter f3 — — logM/logA, or equivalently A k+1 M < 1, 
then (/„) and (<?„) are actually locally conjugated (see Theorem 15.31 below for a precise statement 
of this well-known fact). 

At the level of 1-jets, the conjugacy equation ^ takes the form 

Dh n+1 {0) o Df n (Q) = Dg n (0) o Dh n (0). 

The fact that every matrix L can be decomposed as L = QR with Q unitary and R upper 
triangular implies that the equation 

H n+1 oDf n {0) = G n oH n 

has a solution (H n ), (G n ) with H n unitary and G n upper triangular (once we fix Hq, the solution 
is unique up to multiplication by diagonal unitary matrices). This means that at the level of 1-jets 
it is always possible to conjugate (/„) to a sequence of special triangular (linear) automorphisms 
(gn)- When (3 < 2, by the general fact stated above, this conjugacy of 1-jets extends to a local 
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conjugacy (that is, the sequence (/„) is linearizable), and the abstract basin of attraction of 
with respect to (/„) is biholomorphic to C d . 

When j3 > 2, one has to consider also the conjugacy equation for fc-jets for k > 2. Under 
suitable weak monotonicity assumptions on the diagonal entries of the upper triangular matrix 
G n = Dg n (0), one can actually find a bounded solution (h n ), (g n ) for such an equation, with (g n ) 
a sequence of special triangular automorphisms of degree k. If k is large enough, one deduces the 
existence of a local conjugacy (see |Pet07] and |AAMll| ). In particular, the required monotonicity 
assumptions hold when the diagonal entries of G n have a good limiting behavior, and by Oseledec's 
theory one finds the aforementioned almost everywhere statement of [JV02J . 

However, in general if /3 > 2 the conjugacy equation at the level of 2-jets may have no bounded 
solution (h„), (g n ), with (<?„) a sequence of special triangular automorphisms of degree 2. An 
example with /3 = 2 is given in [AAMll l Section 4]. Therefore, one needs to enlarge the possible 
normal forms for (/„) to a larger class of sequences (g n ) of automorphisms of C d having the whole 
C d as basin of attraction of 0. 

The starting idea of this paper is to use sequences of automorphisms of the form 

9n = U<j h og n oU~^, for m h <n <m h+1 . (5) 

where (g n ) is a sequence of special triangular automorphisms, (cr^) c &d is a sequence of permuta- 
tions of the set {1, . . . , d}, Uu is the unitary matrix which maps into e CT (j) for every i 6 {1, . . . , d}, 
and (rrih) is a strictly increasing sequence of natural numbers which grows fast enough. In other 
words, g n is special triangular with respect to some permutation of the standard basis of C d , such 
a permutation being constant over larger and larger intervals of indices n. Indeed, as we prove in 
Theorem H21 if 

oo 

lim (rrih+i — rrih) = +oo and K~ h m] x = +oo, (6) 

h—>oo ^ — ' 

h=Q 

where K is the "stable degree" of (g n ), then the basin of attraction of with respect to (g n ) is 
the whole C d . In the proof of our main result we construct a conjugacy with a sequence (g n ) in 
the above class. In order to explain why such an enlargement of the class of normal forms (g n ) 
allows to weaken the standard bunching assumption, let us consider the particular case in which 

Df n {0) = Diag (A„(l), A„(2), . . . , X n (d)) 

is diagonal for every n €N. If we set 

In{z) = ^2 X n {k)z k e k + fn{i,j;k)z l z j e k + 0(\z\ 3 ), 

l<k<d l<i<j<d 
l<k<d 

9n{z) = ^ X n (k)z k e k + ^ g7 l (i,j;k)z i Zje k + 0(\z\ 3 ), 

l<k<d l<i<j<d 
l<k<d 

h n(z) = ^ z k £ k+ 51 h n (i,j;k)ziZje k + 0(\z\ 3 ), 

l<k<d l<i<j<d 
l<k<d 

the conjugacy equation for 1-jets is fulfilled and the one for 2-jets can be written as the system of 
d 2 (d+ l)/2 uncoupled equations 

h n+ i(i,j;k) = ^" fe h n (i,j;k) + \ ,-A 9n{i,j\k) - f n (i, j;k)), (7) 

for every k) in the set 

H := {(i,j;k) E N 3 | 1 < i < j < d, 1 < k < d} , 
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which indexes the standard basis {ziZjek} of the space J*f? of 2-homogeneous polynomial endo- 
morphisms of C d . By we have the bounds 

< M~ x < |A„(i)| < A < 1, Vi G {l,...,d}, Vn € N. 

When fc coincides with either i or j, the above bounds imply that 



1 

~ A > ^' 



Therefore, h n +i(i,j; k) is obtained from h n (i,j; k) by applying a uniformly expanding affine func- 
tion. This fact easily implies that for such a triplet (i,j;k) we may set g n (i,j;k) = for every 
n G N and find a (unique) bounded solution (/i„(i, j; k)) ne jq of (JT)). 

On the other hand, if k is different from i and from j, we just have the estimate 



1 

> 



A 2 Af 



which produces a lower bound larger than 1 only if the bunching condition for linearization - 
/3 < 2 - holds. It is possible to construct examples with /3 — 2 such that the equations ([7]) for 
these triplets (i,j;k) do not have any bounded solution (h n (i, j; fc))„ e N with g n (i,j;k) = for 
every n £ N (see |AAMlll Section 4]). This means that the subset 

V := k) G H | k ± i and k / j} 

should be considered as the set of resonances for the non-autonomous conjugacy equation. The 
subspace of .J/tf consisting of those polynomial maps which can appear in a special triangular 
automorphism is generated by the elements of the standard basis {ziZjek} which are indexed by 
the subset 

T := {(i,j;k) G H I k < i}. 

Since T is a proper subset of V, it is in general not possible to find a bounded conjugacy with 
a sequence of special triangular automorphism, even at the level of 2-jets (see again [AAMlll 
Section 4]). However, the image of T by the action of the permutation group 6^ on H, which is 
given by 

a-(i,j;k)= (a-^.^OVW), Va G & d , V(*,j;fc)GH, 

is the whole set of resonances V. Such an action on H corresponds to the action of &d on given 
by conjugacy by the unitary matrix 

cr ■p=U a opoU a ~ 1 , Vo- e 6 d , Vp £ if. 

This fact suggests that it should be easier to find a bounded conjugacy to a sequence of polynomial 
maps (g n ) of the form ([5]) and of degree 2, where (ah) varies periodically among a set of permu- 
tations in &d whose action applied to T produces the whole V. Since we also want the basin of 
attraction of with respect to (<?„) to be the whole C*, we need that the sequence (rrih) satisfies 
the growth condition ((6|), where K = 2 d ~ 1 is the "stable degree" of (<?„). 

In the general case, in which Df n (0) cannot be assumed to be diagonal, the conjugacy equation 
for 2-jets does not split into uncoupled scalar equations and a delicate point is the choice of the 
sequence (cr^) C 6j. We now explain the role of such a choice, by making some rather imprecise 
and slightly incorrect statements, which are made precise and correct in the following sections. 

If we call Uj G the homogeneous part of degree 2 of h m . , the conjugacy equation ^ to a 
sequence (g n ) of the form ([5]), at the level of 2-jets, takes the form 

u h+ i = st h (o h ■ u h ) - v h , VfceN, (8) 
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where (vh) C Ji? is defined recursively and can be thought to be given, while s^h is the conjugacy 
operator by a product of m/i+i — rnh upper triangular matrices. A natural choice for a solution 
(uh) of © is given by the expression 

oo 

u h = ^Z J ^h 1 ^h+i---^h+k v h+k, where stf h := srf h o o h . (9) 

k=Q 

Indeed, this is the formula for the unique bounded solution of ©, when the srfj~ s are uniform 
contractions, which is true if and only if /3 < 2. Since we are assuming /? > 2, the ^ s are not 
contractions and the convergence of ([9]) is problematic. Nevertheless, we would like to show that 
if /3 — 2 is small enough, then a suitable choice of the sequence of permutations (er^) makes the 
series © converging. 

A key ingredient here is the existence of a partial order on the set H, which has the property 
that conjugacy of an element of Jt? with respect to an upper triangular linear automorphism of C d 
is a linear mapping on Jif which is upper triangular with respect to such an order. In particular, 
s^h is upper triangular with respect to this order. Moreover, its inverse can be decomposed as 

where 

H^ll = 0(A m "+ 1 - m "), 1 1 = 0((A 2 M) mh + 1 - mh ), 

and the matrix associated to jtft^ has support in the subset W of i x i consisting of all pairs of 
indices ialxi which are the end-points of a chain in the partial order which has non-empty 
intersection with the set of resonances V. Since A 2 M > 1, the terms ^#^'s are the parts of large 
norm in the decomposition of sdC , In order to prove that their presence does not prevent the 
series © from converging, the main tool is a non-trivial combinatorial nilpotency lemma, which 
asserts the existence of a finite sequence <t\, a^, ■ • ■ , &n in &d such that 

^qG\ ■ J%\<J<1 ■ • • • <7,v " • \ = 0, 

whenever the matrices associated to the .^-'s have support in W. Here N = (f). The sequence 
(ah) that we use is defined by periodically repeating such a finite sequence. 

By combining these statements with analytic estimates, we can prove the existence of a solution 
{h n ), (g n ) of the conjugacy equation © at the level of 2-jets, where (g n ) is of the form ([5]) with 
m/j = 2( d ~ 1 )' 1 and (h n ) is a sequence of polynomial maps of degree 2, tangent to some unitary 
map at 0, and such that 

\\h n \\<CR n , 

where R — R(d) > 1 depends on the bunching parameter (3 — — log Mj log A and tends to 1 for 
j3 1 2. By a rescaling argument, when R is close enough to 1, more precisely when 

R 2 A 3 M < 1, (10) 

such an estimate allows us to conclude that the abstract basin of attraction of with respect to (/„) 
is biholomorphic to C d . The requirement (|10[) determines the bunching condition f3 < 2 + e(d) in 
our main theorem. Possible ways of improving the exponent e(d) are discussed in the final Section 

El 

1 The structure of the conjugacy operator 

Pinched sequences of linear automorphisms. If (L„)„ 6 n is a sequence of linear endomor- 
phisms of C d and n > m > 0, we denote by L n m the composition 

which satisfies, for any n > m > I > 0, 
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Definition 1.1. Let A and M be positive numbers. We say that a sequence (L n ) of linear auto- 
morphisms of C d is (A, M) -pinched if there exists a positive number C such that 

\\L k>h \\ <CA k ~ h , \\L^ h [[< CM k ~ h , foranyO<h<k. (11) 

Here || • || denotes the operator norm. By taking k = h + 1 in (fTTj) . we see that a pinched 
sequence (L n ) is bounded and so is the sequence of its inverses (L^ 1 ). Notice also that (|11[) 
implies that AM > 1. 

Vector spaces with an ordered basis. Let V be a vector space over C with basis {vi i G I}. 
The symbol L(V) denotes the space of linear endomorphisms of V. The support of A G L(V) is 
the set of indices 

supp A := 6 I x I | j ^ 0} 

which correspond to the non- vanishing coefficients of the matrix (ca,j) representing A with respect 
to the basis {vi i G I}, with the standard convention that a^.j is the coefficient of Vi in the 
decomposition of Avj . It is useful to see the support of a linear endomorphism as a relation on I, 
so that 

suppAB c (suppB) o (suppA), V4,BeL(y), (12) 
where Ro S denotes the usual composition of two relations 

Ro S := {(i,j) G I x I | 3k 6 I such that (i, k) G S and (k,j) G R} . 

We also recall that the image of an element i G I, respectively of a subset E C I, by a relation 
R C I x I is the following subset of I 

R(i) := {j e I | (i, j) G R} , resp. R(E) := |J R(i) = {j G I | 3i G E such that G R} . 

When dealing with relations which are graphs of self-maps of I, the notion of image and of com- 
position reduce to the ones for maps. Moreover, 

R{S{E)) = {RoS)(E). 

An endomorphism A G L(F) is said to be diagonal if it is supported in the diagonal of I x I. 
It is said to be a permutation automorphism if for every i G I it maps Vi into i> CT (i) , where a is a 
permutation of I. Assume that I is endowed with a partial order relation 

F = {(i,j)el\i<j}. 

Then the endomorphism A G L(l^) is said to be upper triangular if the corresponding matrix is 
upper triangular with respect to this order, meaning that 

supp AcF. 

It is said to be strictly upper triangular if 

supp A C P* := {(i,j) G I x I | i < j} . 

Since 

PoPcP, PoP»cP», P,oPcP», 

the inclusion (|12[) implies that the composition of upper triangular endomorphisms is upper trian- 
gular, and strictly upper triangular if at least one of the factors is so. When V — C d is equipped 
with its standard basis 

{e,|iGj}, J := {1, 2,...,d}, (13) 
and IcN has the natural order, we find the standard definitions. 
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Upper triangular holomorphic maps. Consider the flag 

(0) = E a C Ei C E 2 C • • • C E d -i C E d = C d , where Ej := span{ei, . . . , ej}. 

A holomorphic map / : C d — > C d is said to be upper triangular if it preserves this flag, that is 
f(Ej) Q Ej for every j = 0, . . . ,d. It is said to be strictly upper triangular if f(Ej) C £/j_i for 
every j = 1, . . . , d. A holomorphic map /: C d — > C d is upper triangular (respectively, strictly 
upper triangular) if and and only if /(0) = and for every j = 1 . . . , d the j-the component of / 
depends only on the variables Zj, . . . , z d (respectively, 2^+1, ■ • • , z d ). For linear endomorphisms of 
C d , the notion of (strict) upper tringularity is the standard one. Again, the composition of upper 
triangular maps is still upper triangular, and it is strictly upper triangular if at least one of the 
maps is so. 

The conjugacy operator on the space of homogeneous polynomial maps. Let J#k be 

the vector space of homogeneous polynomial maps p: C d — > C d of degree k. We endow J#k with 
its standard basis 

{z a e t I (a,i) GH fc }, 

where 

A fc := {a G N d \a\ = k} , H fc := A fe x J, 
\a\ := 011 + • ■ • + OLd is the degree of the multi-index a, and J is as in (|13|) . If we set 

T fc := {(a,i) g H fe | a, - Vj < *} , ,% := span {z a e, | (a,i) £ T fc } , 

then a polynomial map 

m 

p:C d ^C d , p = Y^Pk, Pk&^k, 
k=l 

is strictly upper triangular if and only if each p/~ belongs to . 

If L is a linear automorphism of C d , we consider the conjugacy operator 

at L : -> -%k, J^lP ■■= L^ 1 opo L, Vp g 

The conjugacy operator j&l depends controvariantly on the automorphism L: 

8?LM = S^M^L, VL, M g GL(C d ). 

Let L be an upper triangular linear automorphism of C d , let (tij) be the upper triangular 
matrix which represents it and let a £ A& . Then the formula 

d d 

(Lz) a = Ui,iZi + }JijZjj (£2,222+ /j2,jZj) . . . (e d -i,d-iZd-i + £d-i,dZ d ) ad ~ 1 (£ d>d z d ) ad 
i=2 3=3 

implies that 

(Lz) a = X a z a +q(z), where A := 4,2,.-., ^.d), (14) 

and where the degree of q in the variables zi,...,z m is strictly less that Y^h=i a hi f° r every 
1 < to < d. 

Decompose L as L = D + S with D = Diag(A) diagonal, A g C d , and S strictly upper 
triangular. Then L^ 1 = D^ 1 + T, with T strictly upper triangular, and for every p g J$?j, we have 

£^lP = L P L = D^ 1 opoL + TopoL. 

If p(z) = z a ei is an element of the standard basis of J^, then (fH)) implies that 

{mm \ 
z^a (3 g Afc is such that f3h < ah for every 1 < m < e? > . 
7i=l h=l ) 



8 



Moreover, since T is strictly upper triangular, 

TopoL=(Lz) a Te l G (\ a z a + q{z))Ei__ u 
so the fc-homogeneous polynomial map T o p o L belongs to the subspace 

{mm \ 
z^ej | 1 < j < i and (3 G Afc such that f3h < ah for every 1 < m < d > 
h=l h=l ) 

These considerations suggest to introduce the following partial order on the set H^: 

P k := {((a,i),(f3,j)) £i t xH fe | (a,i) < (/3,j)}, where 

m m 

(a, i) < (/3, j) i < j and a/, < for every 1 < m < d. 

h=l h=l 



(15) 



This is the direct product between the standard order of J and the following order on Afe : a < (3 
if and only if for every 1 < m < d the degree of z a with respect to the variables z\,...,z m does 
not exceed that of z@ . The above considerations imply that if L G GL(C d ) is upper triangular 
and A e C d is the vector of its diagonal entries, then 

£? L z a e t G \ a ~ ei z a ei + span {z^ej | < (a,i)} , 

for every (a,i) G Hfe. 

If a belongs to the group 6 (J) of permutations of the set JJ, we denote by U a the permutation 
automorphism of C d such that 

U a ej = e a{j) , Vj G JJ. 
Conjugation by the inverse of U a produces the identity 

^ u - 1 (z a e l ) = z ao ^ 1 e rT(l) , V(a,i) G Hfe, 

which defines the following left action of the group 6 (J) on the set H*,: 

6(Jf) xHh H fe , (cr, (a, i)) ^ cr . (a, i) := (a o cr" 1 , <r(i)). 

Notice that the support of the endomorphism supp.sa^, thought as a relation on Hfe, acts on 
subsets of Hfc as 

(supply J (£) =a-E, V£cH fc . (16) 

We can summarize what we have seen so far into the following lemma, which gathers some of 
the properties of L which are inherited by the conjugacy operator Ah- 

Lemma 1.2. Endow C d and J$°k with the ordered basis {e^ | i G JJ} and {z a ei | (a, i) G Hfe}, respec- 
tively. Let L be a linear automorphism ofC d . 

(i) If L is diagonal then Ah is diagonal and 

^eA a - e - Z a e„ V(cM)GHfe, 

where A G C d is the vector of diagonal entries of L. 

(ii) If L is upper triangular then Ah is upper triangular and 

^LZ a e t G X a - e 'z a ei +span{z'%- | (0,j) < (a,i)} , V(a,i) G H fc) 

where A G C d is the vector of diagonal entries of L. 

(Hi) if L is a permutation automorphism then Ah is a permutation automorphism and, setting 
L = U- 1 with a G 6(JT), 

j^ u -iz a ei — z^ej, with (f3,j) := a ■ (a, i) = (a o cr -1 , a(i)). 
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The case of degree 2. We now specialize the analysis to the case of degree 2, and we drop the 
subscript 2 in the notation, thus setting Jf = ^2,A = A2,H = H2,T = T 2 ,P = P2. 
Given s G H, we set 

s f := {r£l|r>s}, 

and, for £cH, 

:= |J «t 

sG-E 

where we are using the order defined in (jl5[) . The mapping E i— > is the closure operator 
associated to the left order topology on the partially ordered set (H, <) (see e.g. [5S78 ). Notice 
that 

T= ((V c ) f ) c , 

where 

V := {(a,i) e H | oti = 0}, 

that is, T is the interior part of the & (JJ)-invariant set V in the lower order topology. The following 
relation on H turns out to be useful in order to give estimates for the conjugacy operator by upper 
triangular automorphisms: 

W := {(s, t) e H x H | s e T c and 3r e V such that s < r < t} = (J {s} x (V n s t ) t . 
Since T c = (T c )''~, we have 

W c T c x T c . 

The image of a subset E C H by the relation W is the subset 

W(E) = (J w(s) = (J (vns f ) f =( |J (vns T )) T 

t t (17) 

= (vn (J s f j =fvn(s\ T) t j c Eft, 

sG_E\T 

where in the third equality we have used the fact that E i-> Eft is a closure operator. We claim 
that 

WoW = W. (18) 
Indeed, for every s 6 H, by taking the closures of the trivial inclusions 

vn(vns t ) t c (fns^, 

Vns f c vn(¥ns t ) t , 

we obtain the identity 

fvn (vns^V = (vn^) T = w(s), 

which implies 

WoW(s) = W(W(s)) = (vn(w(s)\T) t ) t = (vn (W(s)) t ) t = fvn (vns' r ) t ) T = w(«). 

Let 

be the linear projector onto the subspace spanned by z a ei for (a,i) in T c , along the subspace 
spanned by z a ei for (a,i) in T. We notice that if L is upper triangular, then = ker J3 is 
^L-invariant, or equivalcntly 

3*f L = 3$f L £. 
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Let (L n ) be a (A, M)-pinched sequence of upper triangular linear automorphisms of C d . We fix 
some neN and consider the conjugacy operator on the space Jf? of homogenous polynomial 
maps of degree 2. By the inequality 

\\^L n , u\\ = \\L-^o U oL nt0 \\ < lli^olllli^oll 2 !!"!!, V«e jp, 

the pinching estimate (1111) implies the following upper bound on the operator norm of ' 

IKl„, || < C 3 (A 2 M)", VneN. (19) 

Moreover, we know from Lemma 11.21 (ii) that the operator £?l„ i s upper triangular, meaning 
that its support is contained in P. The following lemma says that the coefficients of s$L n which 
belong to the set (T c x T c ) \ W have an upper bound which is better than the one implied by (TT9|) : 

Lemma 1.3. Let (L„) be a (A, M) -pinched sequence of upper triangular linear automorphisms of 
C d . Consider the decomposition 

with 

supp M a C (T c x T c ) \ W, supp Ji x C W. 
Then there exists positive numbers Co and C\ such that 

1| < Co n 3(d_1 ^ A™, (20) 
< C x (A 2 M)™, (21) 



for every n 6 N. 

Proof. Estimate (f2~Tj) is an immediate consequence of P^|) . so the estimate to be proved is ([2U)l . 
Let 

\ h = (\ h (l),...,\ h (d))eC d 

be the vector of diagonal entries of L^. By Lemma Fl.21 fii). s^L h decomposes as the sum 

s* Lh =0° h + <gk, 

where SS^ is diagonal and S$\ is strictly upper triangular, with coefficients 

«((«,*), (M)) = «^,*"e ( ) = { JT*. ^:;i; (ftA (22) 

respectively 

^((a,i),09,i)) = <^^,^} = ( ^^>' ^;;).< 



(23) 



Here (-, ■) denotes the inner product on M' which makes {z a ei \ (a,i) G H} an orthonormal basis. 
Since the sequences (L n ) and (L^ 1 ) are bounded, 

\bl((a,i),(p,j))\<c, VfreN, (24) 

for some c > 0. By the pinching condition (jlip . if (a, i) belongs to V c , that is a = + ej for some 
j then 



|6° Ml ((a, i),(a,i)) | = 
for every < h < k. 



^k,h(i)^k,h(j) 



= \KhU)\<\\L k j l \\<CA k - h , (25) 
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By using the above decomposition of each s^l h , we find the following formula for the coefficients 

of *4 n , : 

^L n , o z e jl z a e. l ) = {^ Lo ^L l ---s^L 1 ^ l z P ej,z a e l ) 



, S2) ■ • • b n _i (s n _i, s n ). 



e62" sG H" +1 

s =(a,i), s n =(0,j) 

Since the are diagonal and the ^^'s are strictly upper triangular, the non-zero terms in the 
last sum correspond to sequences s = (s , . . . , s n ) G H™ +1 and e = (eo, ■ ■ ■ , t n -i) S 2™ such that 

(a,i) = s < si < • • • < s„_i < s„ = (/3,i), 

where 

s/j < Sh+i e(ft) = 1- 

Therefore, the above formula can be rewritten as 



z a e t ) = J2 ^,o(*o)6j.x(*o,*i)C»i+i(*i)---6n fc (*fc-i.**)6«,n fc +i(*fc)- 



(a,i)=*o<*i<— <**=(i8j) 

0<Tll<ri2 < ■ <«*;<" 

The height of the partially ordered set (H, <), that is the maximal cardinality of chains in H, is 
3d — 2. It follows that the natural number k in the above sum is at most 3(d — 1). If we also 
assume that 

((cm), CM) 6 (T c xT c )\W, (26) 
then the definition of the relation W implies that in every chain 

(a,i) =t a < h < •■• < t k = 

each index tu, < h < k, belongs to V c . Thus, under the assumption ([26)) . the estimates (|24|) and 
(1231) imply the bound 

\(s/ Ln>0 z p e j ,z a e i )\< (C A ni )c(C A" 2- ™ 1 ^ 1 ) . . . c(CA"' _1 ) = A" ^ c fc C* fc+1 A- fe . 

0<fc<3(d-l) 0<fc<3(d-l) 
(a,i)=t <t 1 <---<t k = {p,j) {a,i)=ta<tx<~<t k ={P,j) 
0<ni<n 2 <-<n k <n 0<n 1 <n 2 <-<n k <n 

Since H is a finite set and the set of fc-uples (m, . . . , n&) £ N fe such that < n\ < • • • < n& < n 
has 

elements, the last sum is bounded from above by cin 3 ^ -1 ), for some constant c%, and we find 

K^z^e,-,^)! < Cl n 3 ^A n , V((a,i),C8,i)) e(T c xT c )\W. 
The estimate follows. □ 
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2 A nilpotency result 

We continue to work with the vector space M^, equipped with its standard basis indexed by H2, 
and we drop the subscript 2 from the notation, as in the last part of the previous section. We 
denote by G ©(J), for 1 < h < d, the cyclic permutation 

K h := (1,2,..., h) 

over the first h elements. We consider the finite sequence of elements of JT 

n = n> d > = (ni,n 2 , 

defined as 



(2) 
(2,2,3) 
(2,3,2,2,3,4) 
(2,3,4,2,3,2,2,3,4,5) 

and in general is obtained by juxtaposition of the strings (2,3, ... ,d— 1), and (d). The 

following lemma is the main combinatorial tool which leads to the estimates of Section [3l 

Lemma 2.1. The finite sequence of elements of the group of permutations ©(J) 



0-1,(72, ■ ■ ■ , 




satisfies 

WfT^Wcr^_ 1 ... cr 2 W<TiW = 0. (27) 

Proof. When d = 1, V is empty and so is W, hence the identity (f27f trivially holds for the empty 
string. When d — 2, we have 

T={(2e 2 ,l)}, V={(2e 2 ,l),(2 ei ,2)}. 

Since the set V \ T = {(2ei, 2)} contains only the maximum of HI by (|17p . there holds 

W(H) - {(2 ei ,2)}. 

Therefore 

W(k 2 (W(H))) = W(2e 2 , 1) = 0, 

and the string (k 2 ) satisfies (j27|) . 

Let d > 3 and consider the closed set 

Y := {(a,i) e H | a d = 0} . 

If 1 < i < d, then 

(A x {ijAT) 1 " = {( a ,i) E H | 3j < i such that a 3 ^ 0^ = (e, + e d ,i) t , (28) 

because (e^ + e^, 1) is the minimum of A x {i} \ T. Since (ei + ed-i,l) is the minimum of 
A x {!} \ {( e i + e d, 1)} \ T, we also have 

(A x {1} \ {( ei + e d , 1)} \ T) T = ( ei + e d _ 1; l)t. (29) 

For 1 < i < d, there holds 

(e l + e d , if = {(e 4 + e d , i)} U (e 4 _i + e d , if U {e H + e d -i, if U (e l + e d , i + if ■ 



...,n {t) ) 



for d — 


1, 


for d — 


2, 


for d = 


3, 


for <i = 


4, 


for d = 


•5, 
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Since (e^ + e d , i) does not belong to V and (a* + e d -\, iy C Y, the above identity and (|2"8)l imply 

(A x {i} \ T)^ nVcFU (e<_ x + e d , *)t U (e. ( + e d ,i + 1)*. 
The set on the right is closed, so by (fTTjl . 

W(A x {i}) = ((A x {i}\T) t nv) t C FU(e 4 _i +e d ,i) t U(e l + e d ,i + l) t , for 1< i < d. (30) 
Similarly, for i — 1 we get 

W(Ax {1}) cyu(ei+e d ,2)t. (31) 
Since A x {d} n T = and A x {d} D V is closed, for i = d we have 

W(A x {d}) = ((A x {d} \T) T n¥j f = ((A x {d}) t n v) T = A x {d}D V C F. (32) 
Finally, from (|29|) we also find 

W(Ax {l}\{( ei + e d ,l)}) CK (33) 

We claim that 

W o n d -i o W o • • • o k 2 o W(H) c F. (34) 
In order to prove this claim, we introduce the sets 

Xi~M, X r := Y U {(a,i) E H | i > r} U (A x {1} \ {(ei + e d ,l)}), for 2 < r < d - 1, 

and we show that 

K r+1 {W(X r )) C for 1 < r < d - 2. (35) 

We get from ([30]) . (j3Tj) and (132]) . 

W(H)= |J W(Ax{i})cru |J (ei + e d , i + 1)1" 

C y U {(a, i) £ H | i > 3} U (ei + e d , 2) f = Y U {(a, z) G H | i > 3} U {(e x + e d , 2)}. 

Since the first two sets in the last union are invariant with respect to Ki and since = d 

because d > 3, 

«a(W(JCi)) = k 2 (W(H)) C y U {(a, i) G H | i > 3} U {(e 2 + e rf , 1)} C X 2 , 

which proves ([33]) for r = 1. Let 2 < r < d — 2 and write 

X r = YU{(a,i) eH|i>r+l}UAx{r + l}u(Ax {1} \ {(e x + e d , 1)}). 

The first two sets in the above union are W-invariant. Thanks to (f3"D"l) and (|3"3"1) . we have 

W(X r ) C y U {(a, i) G H | i > r + 1} U (e r + e d , r + if 

= y U {(cm) G H I i > r + 1} U ((e r + e d ,r + l) f n A x {r + 1}). 

Since 



(36) 



«V+i( e i + e ^ !) = ( e r+i + e d ,r + 1) < (e r + e d ,r+ 1), 

there holds 

(ei + e d , 1) ^ K r+ i ((e r + e d , r + l) 1 ") , 

and 

K r+ i((e r + e d ,r + l) t nAx {r+1}) c Ax {1} \ {(ei + e d , 1)}. 
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Together with the fact that the first two sets on the right-hand side of (|36p are K r+ i-invariant, we 
deduce that 

K r+1 (W(X r )) CYU {(a,i) e H | i > r + 1} U (A x {1} \ {(ei + e d , 1)}) = X r+1 , 
which proves ([55]) . Iterating (1551) . we find 

o W o • • • o k 2 o W(H) C = Y U A x {d} U (A x {1} \ {(ei + e d , 1)}). 



By ([32]) and ([33]) , a further application of W proves our claim (|34| . 

With the purpose of proving the lemma by induction on the dimension d, we notice that, 
making the dependence on d explicit, the relations on the sets associated to different 

dimensions are related by 

w (d) (A) nH^ 1 ' = w (d - 1) (4ni (,! - 1) ), 
w (d) (A) \ h^ 1 ' c n (A (d) x {d}) , 

for every A C Therefore, if we assume that the thesis (f2~Tf holds in dimension d — 1 , since 



o^ a = nS* J _ a = nJ'- 1) . fi«l<fc< 



rf- 1 
2 



(under the natural identification of 6(J( ') as a subgroup of 6(j( d ))), we find 

WtrgLj w ... cr d _i w(y) c r n (a x {d}). 

Together with (|18|) and ()34j) . this implies that, since (cti, . . . , Od—2) — (^2, ■ ■ ■ , Krf-i), 
Wff^^W ... o-d-i Wcrd-sW . .. <7i W(H) c Y n (A x {d}). 

The latter set coincides with V fl (A x {d}), so it is mapped into 

vn (A x {i}) = t n (A x {i}) 

by the permutation — n d . Since W(T) = 0, we conclude that 

Wir/ijWir/Jij . . . 02 W = 0. 
This proves the induction step and concludes the proof of the lemma. □ 

The above lemma can be rephrased as a vanishing property for the composition of suitable 
sequences of endomorphisms of Jif: 

LEMMA 2.2. Let . . . , be linear endomorphisms of J^f such that 

supp Jt h C W, for anyO<h< (f\ , (37) 
and let ax, o~2, ■ • ■ , o~fd\ be the permutations of J which are introduced in Lemma \2.1[ Then 

J( Q £/ Uai Jf x s? Ua2 Jt 2 ... ^c/ JKtd\ = 0. (38) 

(2) w 

Proof. We can equivalently show that the support of the composition which appears on the left- 
hand side of (f3"5)) is empty. By using (fT2")l , (|3"T|) implies that the support of this composition is 
contained in the following composition of relations 

W o supp sfu a o W o • • • o W o supp srf\j a o W. 
(2) 

By (p~6|) , the above relation is the set 

Wcr/iN W ... W0-1 W, 

which is empty by Lemma 12.11 □ 
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3 The conjugacy equation for 2-jets 

Consider the finite sequence (<7 1; . . . , cr/d\) of permutations of J which is introduced in Lemma |2. II 
and extend it to a (^-periodic infinite sequence (u/ l )/ l eH- Set 

D := 2 d -\ 

and define the following two sequences of permutations of J: 

a h if n = D h - 1 for h £ N, 

id otherwise, 

id if n = 0, 

t„-i o 6»„_i if n > 1. 

A family of fc-jets of self-maps of C d is said to be bounded if all their coefficients are uniformly 
bounded. The aim of this section is to prove the following result: 

Proposition 3.1. Let (/„) be a bounded sequence of 2-jets of invertible self-maps ofC d such that 
/n(0) = and such that the sequence of linear endomorphisms (Df n (0)) is (A, M) -pinched, where 
A < 1 < M satisfy 

(A 2 M) D ' (i " 1) (AM)- { <1, (39) 

where 

D- 1 



■ D d(d-i)_i 

Then there exist sequences of 2-jets (h n ), (g n ) such that: 
(i) h n (0) — g n (0) — and Dh n (0) is unitary; 
(ii) h n +i o /„ = g n o h n as 2-jets, for every neN. 

(Hi) g n := U Tn o g n o is an upper triangular polynomial automorphism of C d of degree 2. 
(iv) for every & > A 2 M there is a number C — C(0) such that 



\h n \\ < ce'^- 1 '", \\ 9n \\ < ce(j> s ®-u» 



for every n G N. 
We set 



fn-=U Tn of n oU-K 

Up to a non-autonomous unitary conjugacy, we may assume that the linear automorphism 

L n := D/„(0) 

is upper triangular for every n G N. Indeed, a non-autonomous conjugacy 

V n+ i oL n = Df n (0) o V„ 

between (Df n (0)) and a sequence of upper triangular linear automorphisms L n can be defined 
recursively by setting Vo := I and by defining V n +i and L n to be the unitary and the upper 
triangular part in the Q-R-decomposition of Df n (0) o V n . 
If we set 

h n ■= U Tn oh n o U~*, 
the conjugacy equation in statement (i) can be rewritten as 

hn = g^ 1 o U 9 X o h n+ l o Ug n o /„. (40) 
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At the level of 1-jets, this equation is solved by choosing 

D~h n (0):=I, Dg n {0):=L n . 

If g n is an upper triangular polynomial automorphism of C d of degree 2, so is its inverse, and we 
can set 

9 n = L n + v n , 
where v n G ST — 3~ 2 is to be found. If we also set 

h. n = I + u n , 

with u n G Jf? = Jrf? 2 , the equation at the level of 2-jets can be rewritten as 

u n = srf UenLn u n+ i+v n o L n + L- 1 ow n , (41) 

where w n denotes the 2-homogeneous part of /„ (which is a given bounded sequence in Jtff). We 
recall that J2 is the projector onto the space spanned the z a a for (a, i) G T c , along 2T . We shall 
find a solution (u n ), (v n ) of (|41"T) with 

u n G c2Jf . 

With such an Ansatz, the equation fill) is equivalent to the system 

U n = ^(4« ll L„1n+l + ^ 1 °«'ri), (42) 

v n oL n = (£? - I) (jrf UenLn u n+ i + L~ l o w n ) , (43) 

where we have used the fact that v n o L n belongs to 3~ — ker £2. In order to prove Proposition 
13.11 it is enough to find a sequence (u n ) in the image of M which solves (|42|) and has the estimate 

IKII < Ce^- 1 '", VnGN, 

for every 9 > A 2 M and for some for some C — C(8). Indeed, in this case v n can be derived 
immediately from the equation (J43j) : It belongs to 3? because is invariant with respect to 
the composition by the upper triangular linear mappings L n and it satisfies an analogous growth 
estimate. It is immediate to check that a solution of (|4"2")l can be defined explicitly by setting 

m > n 
m>n 

provided that the above series converges in Jt? . Therefore, Proposition 13.11 is implied by the 
following: 

Proposition 3.2. Let (L n ) be a (A, M) -pinched sequence of upper triangular linear automor- 
phisms ofC d , where A and M satisfy LS9\) . Then for every n G N the series 

y n := (^„i^)(J4r,„ +1 i n+ ^) ■ ■ • {&*u tm _ x L m -i3) 

m>n 

converges absolutely in L(J^). Moreover, for every O > A 2 M there exists C — C(O) such that 

\\y n \\ < ce'^'- 1 '", 

for every n G N. 
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The remaining part of this section is devoted to the proof Proposition ^. 21 If m > n are natural 
numbers, we set 

S(m,n) := \\(£j*b, nLn £)(gj*b, n+iLn+1 £) . . . (.&Bfr, m _ i L m _ 1 .2)||, 

and Sin, n) := 1. Since the norm of a composition is not larger than the products of the norms of 
the factors, we have 

S(£, n) < S(£, m)S(m, n), for every < n < m < £. (44) 

Lemma 3.3. Assume that the sequence (L n ) of upper triangular automorphisms of C d is (A,M)- 
pinched. 

(i) For every > K 2 M there is a positive number C\ = Ci(0) such that 

S(m,n) < C\e m - n , 

for every m > n > 0. 
(ii) For every > A 2 M there is a positive number C'2 — C^C®) such that 

S (z?^)(S) >d p(S)) < c 2 (GA- s M- s ) DP(i)iD<i) - 1 \ 



for every p,q GN, where S is the number introduced in Lemma [ 

Proof, (i) Let n < m be natural numbers and let h < k be the natural numbers such that 

D' 1 - 1 - 1 < n < D h - 1, D k ~ l - 1< m < D k - 1. (45) 

Since =2 commutes with the operators s^i, . , the composition whose norm defines S(m, n) can be 
rewritten as 

(^ UenLn £)(g^ USn+iLn+1 g) . . . {m^v 9m _ x L m . x ^) 

where we have also used the definition of (9j). If C is such that (fTTj) holds, then {jT9j) and the 
above expression imply the estimate 

S(m,n) < c(X 2 M) Dh - n c(A 2 M) Dh+1 - Dh . ..c{K M ) m - D " = c k -' l+1 (A 2 M) m ~ n , 
where c = C 3 ||=S|| 2 . By (|S5]l. we have 

f Tfi ~\- 1 

k-h+l<2+- -log—-, 

log D n + 1 

hence 

2 fm+l\^ ,. 2 .,. m _ n 



S(m,n) < c z y-^~[J [h?M) 
Claim (i) follows. 

(ii) By using the periodicity of (ah), the composition whose norm is S (D^ p+2q ^ 2 \ Z? p ( 2 )) can be 
rewritten as 



...S-/ a ... [£srf L ... ... d\s^ Va 



(46) 
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By Lemma ll.3[ we have the decompositions 

3et L <2 = J$+^, Vi = 0,l,...,2 g (f] - l. 



where 



supp^ 1 C 



r 

















t(j):=D p (*) +j (D-l), (47) 



for every 9 > 1, for some Co = Cq(9) and C\. Notice that 



^ = dK^dM*) - 1). (48) 



3=0 

Therefore, the composition (|4"o| can be written as 



£G2 29 (2) 



(49) 



Since the support of each ^f 1 is contained in W, Lemma [2~2l implies that if e £ l 2 2q d) is such that 



e(j) = l for p + r[f) <j <p+ (r + 1) " 



2 r 



for some integer < r < q, then the corresponding term in the sum (|49|) vanishes. We denote 
by E C 2 2? ( 2 ) the complementary set of e's, that is the set of all e € 2 2? ( 2 ) such that for every 
< r < q there is an index j between p + r( 2 ) and p + (r + 1)(^) such that e(j) = 0. Then 
^^(p+^GO^pGQ), that is the norm of the sum (gSJ), can be estimated using (@?J by 

*»(*)-! 

5 ( D (p+Zi)(i),D^ < 2 a *G) max J] C 2 (A^J^'W^^-^'^A^-^'^ 

Hi)- 1 

e£E - LJ - 

= (2C 2 ) 2 ^^V^)-i)^ ||(A 2 M eUW) A^TSP~\^)W)\ , 

where C 2 = C 2 (6*) = max{Co(#), Ci} and we have used (|4*8"|) . By multiplying and dividing by 

(AM)^i=°^ 1 ' 1 " f ' , "'' , ' ! 



and by using (|4*5|) . we obtain 

.(A 2 M)^®(- 2 ^ ) -)max(AAf)-^ ( o^V- e O-)),0-) CD 



max 



- • Y J (i-eO')W) j 



(A 2 M) C f ®(D 2 '(9-l) (M) -mm !eE E J 2 l[^ 1 (l-e(j)K(;) i 
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where we have also used the fact that AM is greater than 1. The last minimum is achieved for e 
such that the sum of the terms i(J) over all j for which e(j) is zero is minimal among all e in E. 
By the definition of E and by the fact that the function j is increasing, we deduce that 

this minimum is achieved at 



e(j) 



if j = (p + 2r)(f) with < r < q 

1 otherwise, 



and wc find 



q-l q-1 



2«(S)-1 _ 

™B E (i-e(j))i(j) = J2K 2r d))=J2 DiP+2r){i) ( D - 1 ) 

e j=0 r=0 r=0 (52) 



D - 1 



Putting together ([50]). (I5T1) and J55]), we obtain 

= (2Ci) MS)^®(^'®-i)(A^ 1 -') D " (S)(D " ,(S) - 1) . 
The desired estimate follows, because 9 > 1 is arbitrary and from the fact that 

(2C 2 ) 2 ^)=o( (7 ^ ) ) for g^oo, 

for any a > 0. □ 

Proof of Provosition HOI Fix some > A 2 M. By up to the choice of a smaller we can 

assume that 

i] = 77(6) := 8°'® (AM)" 5 < 1. (53) 
We must prove that there exists a positive number C = C(0) such that 

S(m, n)<C e^'® (54) 

m>n 

for every n £ N. Let p be a natural number. By (J33J) we have 

S(m,i^))=£ 5(m,^)) 
TO >^© '-%f«(»)< m <D" +! <'+"^) 

9>° D ( P + 2 ,)(^)< m<D( p + 2( 5 + 1 „(^) 

The inner sum can be estimated using Lemma 13.31 (i) as 

S{m,D^ + Mt))< Cl VJ e ™-^ +25) ® 

D (P + 2 ' , (2)< m<D ^ + 2 " + 1 ))(2) D <!) + 29) (2)< m<D <" + 2 <'+ 1 ))(2) (56) 

= Cl Q D<P+29)( ^ ( ^ Ll) -i < ^e^^^-i), 



(55) 
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where C 3 = C 3 (6) := Ci(0)/(6 - 1). By ([55]). ([55]) and Lemma 1331 (ii), we obtain the estimate 

£ s(m,D>®) <^cb(eA-'M^®c^ (J) - 1 )c7,e D(w ^ (s) ( D " (s) - 1 ) 

= C 2 C 3 (eA- 5 M- 5 )- D Uj 53 (e D (AM) _lS j (57) 

<2>0 

= c 2 c 3 (oa^m- 5 )- w 53 V ■ 

By (|53|) . the positive number 77 is smaller than 1, so the above series converges. More precisely, 

q >o j>i 1- v d[2 > 1-77 

By ((57)) and (|58|) . we find the upper bound 



53 5(m,D"(2)) <C 4 (eA- s M- s )- DP{2) r) DP{2> = C 4 {<d D W ~ x ) . (59) 

Now we fix an arbitrary natural number n and we let p be the natural number such that 

Dfr-i)© < n+ i <jyp(f}. (60) 

By dSJ we have 

53 S(m,n) = 53 5*(n,m)+ 53 S(n,m) 

m>n v (d\ (d\ 

td\ ld\ (61) 

< 51 %,m) + S(M2), n ) 53 S(D p y*),m). 

n<m<D P ( 2 ) m>D P ( 2 ) 

By Lemma 13.31 (i) , the first sum in the above line has the upper bound 

53 S(n,m)<C 1 J2 S m - n <-^-j6 DP ^- n , 

7i<m<D P (i) n<m<D P W 

Also the term S(D p ( 2 \n) can be estimated by using Lemma [3.31 (i), while the last sum in (|0 1 [) 
has the upper bound (|59|) . and we obtain 



53 5( TO;n) <_^_e^®-« + c 1 e I?PUj -"C4(e I?2Uj - 1 )" w . (62) 

m > n 

By HSU), 

2jp(2) < D(a)(n+1), 

so (f6"2")l implies 



53 S(m,n) < C 5 Q^ [2) -^ n + C 6 Q^ [2) -^ n (e D 

m >n V 7 (63) 
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for suitable numbers C^,C^. The estimate (|63[) implies that there exists C such that 

%,n)<C0(^ ll )», 

m>n 

proving (|53]l. □ 

4 The basin of attraction of a class of sequences 

We recall that if / = (/„) is a sequence of automorphisms of C d which fix the origin, then the 
basin of attraction of the origin with respect to / is the set 

{zeC d |/„, (z)^0fo r n — > 00} . 

Here we are using the notation 

fn,m := fn-1 ' ' ' fm, VVl > TO > 0, /„,„ = id, 

which we have used so far for linear mappings. The aim of this section is to exhibit a useful class 
of sequences of automorphisms of C d which have the whole C d as basin of attraction of the origin. 
Let /„ : C d -)• C d be defined as 

f n (z) := L n z + p n (z) , (64) 

where: 

(a) (L n ) is a sequence of upper triangular linear automorphisms of C d such that ||L n ,m| < 
CA n ~ m for every n > m > 0, where C > and < A < 1; 

(b) (p n ) is a bounded sequence of polynomial maps (that is, the degree of p n and its coefficients 
are uniformly bounded) of the form 

p n {z\, ...,z d ) = (pl(z 2) • ■ • , z d ),pl(z 3 , z d ), . . . ,p d ~ 1 (z d ), 0), 

such that p n (0) = 0, Dp n (0) = 0. 

It is well-known and easy to show that each /„ is an automorphism of C d . We refer to maps of 
this form as to "special triangular automorphisms" . Since the degree of p n is bounded, there exist 
positive integers ki, ■ ■ ■ , k d -i, k d = 1 such that 

degpi(z^ + \\z^ + 2 2 ,...,z k /) <kj , Vj = l,...,d-1. (65) 

It is easy to show that the composition of two polynomial maps of the form (|64|) which satisfy 
([65]) has the same properties (see [AAMllI Lemma 6.2]). Hence, the number 

K := maxjfci, . . . , k d } 

may be called the "stable degree" of the sequence of maps (/«)■ When all the polynomial maps 
p n have degree at most 2, then we can take kj = 2 d ~ : > in (p5|) and hence the stable degree is 2 d_1 . 
The following result is proved in [AAMllI Lemma 6.4]: 

Lemma 4.1. Let (f n ) be a sequence of special triangular automorphisms of C d of the form \6J$ 
which satisfies (a), (b), \65)) and has stable degree K. Then there exists a number Co such that 

\fnfi{z)\ <C K n {\z\ + \z\ K ) , VzGC d , 

for every n £ N. 
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In particular, the basin of attraction of a sequence of automorphisms (/„) which satisfies the 
assumptions of the above lemma is the whole C d . The next result shows that this fact remains 
true if some of the / n 's, but not too many, are composed by a linear automorphism, which may 
destroy the triangular structure: 

Theorem 4.2. Let (/„) be a sequence of special triangular automorphisms of<C d of the form J6'^| ) 
which satisfies (a), (b), \65\) and has stable degree K. Let (Th) be a bounded sequence of linear 
automorphisms ofC d , let (m/j) be a strictly increasing sequence of natural numbers, and set 

, = f fn ifn ^ m h , V/i £ N, 

9n ' { fm h ° Th ifn = m h . 

If K and the sequence (mh) satisfy 

lim {mh+x — mh) — +00, y K~ mh = +00, (66) 

h&\ 

then the basin of attraction of the sequence (g n ) is the whole C d . 

The proof makes use of the following lemma: 

Lemma 4.3. Let < A < 1, C > 0, K > 1, and let (sh) be a diverging sequence of positive 
numbers. Then the sequence (r/j) defined by 

r h +i = Ch Sh {r h +r^) V7i e N, _ 
r = r, 

is infinitesimal for every initial value r > if and only if 

K~ h s h = +00. (68) 

Proof. Let us show that condition ([68]) is sufficient. Since (sh) diverges and A < 1, up to a shift 
we may assume that 

CA Sh <-, Vfte N. 
~ 4 



If Th < 1 then 



r h+i < \{rh+rf:) < ^(r h + r h ) = K h . 



The above fact implies that it is enough to show that for any initial value r there is a h € N such 
that r/j < 1. If we set pu = logr^, we have 

p h+1 = log C + s h log A + p h + log(l + r^ 1 ). 

Since log(l + 1) < 1 + logf for every t > 1, if we assume that r% > 1 we deduce that 

Ph+i < log C + s h log A + ph + 1 + (K - 1) log r h = K p h + 1 + log C + s h log A. 

The above inequality implies that, if Tj > 1 for every j = 0, . . . , h — 1 then 

P* < K k po + E ^"'(l + log C + *i log A) < K* (po + 11 + y + ^ E K^ Sj 

where we have estimated the finite sum of the K~ v s by the sum of the corresponding series, 
using the hypothesis K > 1. Since log A < 0, implies that the latter quantity tends to —00 
for h — > +00. This proves that there is a number h £ N such that < 0, and hence r/j < 1, 
concluding the first part of the proof. 
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There remains to show that condition (|68p is necessary. From the inequality 

r h +x > C A s "rf , VheN, 

we deduce 

If the series J2j K ~^ s j converges, the latter quantity tends to +00 when ro is large enough. The 
fact that (rh) is infinitesimal for every value of ro then implies (|68|) . □ 

Proof of Theorem \4.'2\ Notice that, by (|66p . the sequence Sh '■— rrih+i — diverges and that, 
summing by parts, 

K ~ hs h >(K-1)Y^ K- h m h - Km a = +00. 
hen h£N 

Let z E C d . By Lemma [4TTT there holds 

\T h+1 f mh+umh {z)\ < CA^(\z\ + \z\ K ), Mh e N, 
where C := Cq sup h \\Th\\. Therefore the sequence 

Zh '■= Thfm h ,m h -i ° T)i-l/mf,-i,m h _2 ' ' ' ° ^l/mi.mo^J 

satisfies \zh\ < f/,, where the sequence r^ is defined by (|6T[) with r := |Toz| and is infinitesimal by 
Lemma 14.31 For any n E N with m/j < n < m/,+1, Lemma |4 . 1 1 implies 

|5»,o(*)| = l/n,mj^)| < C A"""* (r h + rf ) -> asn^oo, 

so z belongs to the basin of attraction of the origin with respect to (/„), which is therefore the 
whole C d . □ 

5 The abstract basin of attraction 

The aim of this section is to recall some definitions and results from | A AM 11] Section 5]. Let 
be the category whose objects are the sequences 

f = (fn-U n -> U n+ i) 

of injective holomorphic maps between (i-dimensional complex manifolds and whose morphisms 
h: f — > g are sequences of injective holomorphic maps 

h = [h n : U n -)• Vn)neN , with U n = dom/ n , V n = domg„, 

such that for every n E N the diagram 

fn 

U n > U n +1 

Vn — ^ V n+1 

commutes. In other words, Sf is the category of functors Fun(N, where ^# is the category of 
(i-dimensional complex manifolds and injective holomorphic maps. 
We denote by W the inductive limit functor 

Lim : — > Jt . 
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That is, Wf is the topological inductive limit of the sequence of maps (/„) with the induced 
holomorphic structure: Constructively, Wf is the quotient of the set 

(z n )n>m € Y\ U n m 6 N , Z n+1 = f n (z n ) Vn > TO 

by identifying z and z' if 0„ = z' n for n large enough. The holomorphic structure is induced by 
the open inclusions 

With the above representation, if /i : / — >■ g is a morphism in £f , VU/i is the injective holomorphic 
map 

VF/l([(z„)„> m ]) = [(h n (z„)) n > m ]. 

The following result, whose proof is immediate, turns our to be useful in order to identify Wf: 

Lemma 5.1. Let h: f — > g be a morphism in *S . Then Wh: Wf — > Wg is surjective (hence a 
biholomorphism) if and only if for every to G N and every z 6 V m there exists n > m such that 

9n,m(z) <E h n (U n ). 

Let B — B\ be the open unit ball about the origin in C d and consider a sequence of injective 
holomorphic maps f n : B — s> B such that 

\f n {z)\ < A|z|, VzeB, VneN, (69) 

for some A < 1. In this case, each map f n fixes the origin and the manifold Wf may be considered 
as the abstract basin of attraction of the origin with respect to the sequence / = (/«). In fact, if 
in addiction the maps /„ are restrictions of global automorphisms g n of C d , then goo,n '■ C d — > Wg 
are biholomorphisms and, in particular, Wg can be identified with C d ; through this identification, 
the induced holomorphic inclusion Wf <—> Wg = C d is the inclusion in C d of the open set 

{z e C d g n ,o(z) ->• for n -} oo} , 

which is the basin of attraction of the origin with respect to g, and the maps foa,n : B — > Wf 
coincide with 5oo,n|s- Notice also that an immediate application of Lemma 15 . 1 1 implies that if / 
satisfies then for every r < 1 the manifold Wf is biholomorphic to the abstract basin of 

attraction of the restriction 

fn\B r ■ B r -> B r , U E N. 

By a bounded sequence of holomorphic germs we mean a sequence of holomorphic maps 

h n : B r C d , neN, 

defined on the same ball of radius r about the origin and such that h n {B r ) is uniformly bounded. 
Under boundedness assumptions, the abstract basin of attraction is invariant with respect to 
non-autonomous conjugacies, as shown by the following result (see AAM11, Lemma 5.2]): 

Lemma 5.2. Let f = (/„ : B — > B) n< =fj and g = (g n : B — > B) nl =pi be objects in <S such that 

|/„(z)| < A|z| , \g n (z)\ < A\z\ , VzeB,VneN, 

for some A < 1. Assume that there exist r > and a bounded sequence of holomorphic germs 

h n : B r -> C d , neN, 

such that h„(0) = 0, Dh n (0) is unitary, and 

h n +i o fn = 9n ° h n , Vn £ N , (70) 

as germs at 0. Then Wf is biholomorphic to Wg. 
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We conclude this section by stating a result which says that two bounded sequences of germs 
which are conjugated (in the non-autonomous sense) as jets of a sufficiently high degree are actually 
conjugated as germs (see |AAMlll Theorem A.l]): 

Theorem 5.3. Let (/„) and (g n ) be two bounded sequences of germs at of holomorphic self- 
maps of C d , such that / n (0) = g n (0) = for every n £ N. Assume that the sequence of linear 
endomorphisms (Df n (0)) is (A, M) -pinched for some A < 1 < M . Let k be a positive integer such 
that 

A k+1 M < 1 . 

Assume that the k-jets of (/„) and (g n ) are boundedly conjugated, meaning that there exists a 
bounded sequence of polynomial maps H n : C d -> C d , n e N, of degree at most k with (DiJ^O)" 1 ) 
bounded, such that 

H n+ i o f n = g n o H n as k-jets, VneN. (71) 

Then (/„) and (g n ) are boundedly conjugated as germs: There exists a bounded sequence of germs 
(h n ) such that each germ h n is invertible, the sequences of inverses (h^ 1 ) is also bounded, the 
k-jet of h n is H n , and 

h n +i ° fn = 9n°h n , Vn e N , (72) 

as germs. 

Remark 5.4. As a consequence of J7i[ ), we have the identity 

Dg n , m (0) = DH n {0) o D/ n>m (0) o DH m {0)~\ Vn > m > 0, 

which implies that also the sequence (Dg n (0)) is (A, M) -pinched. Actually, in \AA Ml 1\ Theorem 
A.l] this theorem is stated and proved under the extra assumptions that Dg„(0) — Df n (0) and 
DH n (0) = I. In this case, the conjugacy (h n ) which one obtains satisfies Dh n (0) = I, and 
the boundedness of (h^ 1 ) follows from that of (h n ). The more general case stated here follows 
immediately by applying the more particular statement to the sequences (/„) and (£*iJ„+i(0) _1 o 
g n o DH n (0)), which do have the same linear part and are conjugated as k-jets by polynomial 
mappings tangent to the identity at 0. 

6 Proof of the main theorem 

We are finally ready to prove the main result of this paper: 
Theorem 6.1. Let B be the unit ball about the origin in C d and let 

f = (f n : B -> B) neN 
be a sequence of holomorphic maps such that 

M -1 |z| < \f n (z)\ < A\z\, VzeB, VneN, (73) 
where < A < 1 < M . Assume that the bunching condition 

A 2+e(d) M < 1; 

holds, where e(2) = 1/14 and 

Then the abstract basin of attraction Wf is biholomorphic to C d . 
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Proof. By the assumption (|75|) . the differentials of /„ at satisfy 

P/n(0)||<A, WDUO)- 1 ]] <M, 

and in particular the sequence of linear automorphisms (Z3/„(0)) is (A, M)-pinched. Let us check 
that the pair (A, M) satisfies the assumption (|3T))) of Proposition [XTJ A simple algebraic manipu- 
lation gives 



D 2d(d-1) _ D d(d-l) + 1 
£)■*(<*-!) _i 



A D2i(J-l)_D^-l)-D + l TV/ 

The outer exponent is positive, so the above quantity is less than 1 if and only if the number 



^ D 2d(d-l)_ D d(d-l)_ D + 1 j-yg-j 

is less than 1. The exponent of A in the above number can be rewritten as 

2 d - 1 - 1 



22d(d-l) 2 _ 2<2(d-l) 2 _ 2 d ~ 1 + 1 ' 



so it coincides with 2 + e(d) when d > 3, while for d = 2 it coincides with 2 + 1/11, which is larger 
than 2 + e(2) = 2 + 1/14. Then (|74|) implies that (f76| is less than 1, as we wished to show. 

The assumption of Proposition 13. II being fulfilled, we obtain sequences of polynomial maps of 
degree at most 2, (H n ) and (g n ) such that: 

(i) H n (0) = g n (0) = and DH n {0) is unitary; 

(ii) H n+ i o /„ = g n o H n as 2-jets, for every n e N. 

(iii) U Tn o g n o is a special triangular automorphism of C d of degree 2. 

(iv) for every R > (A 2 Af) 23d<d X) /2 ~ 1 there is a number C — C(R) such that 

\\H n \\ <CR n , \\g n \\<CR n , 

for every n 6 N. 

We claim that we can find a positive number R which satisfies the inequalities 

, , n , 9 3d(ci-l) 2 /2 , 

i? > (AM) - 1 , (77) 

i?A < 1, (78) 
i? 2 A 3 M < 1. (79) 

Indeed, since AM > 1, we have 

(i?A) 2 < R 2 A 2 (AM) = R 2 A 3 M, 

so ([79]) implies (f78| . Therefore, it is enough to show that there is some R which satisfies (f77| and 
([T9"]). or equivalently that 

(A 2 M) 2(2 3 ^- 1 ) 2 /^l) A 3 M K L (8Q) 

A simple algebraic manipulation shows that the left-hand side of (15U1) equals 

1 x 2(2 3d(d " 1)2/2 -l) + l 

A + 2(2 M < d -!) 2 / 2 -l) _/Vf 



27 



Since the outer exponent is positive, the above quantity is less than 1 because of (|74[) and of the 
inequality 

2( 2 3^-i)V2 _ i) Vd ^ 2 ' 

which is easy to check. Therefore, ([50)1 holds. 

Let us fix a number R which satisfies (|77|) . ([75]) and (1751) . and let C = C{R) be such that the 
estimates in (iv) hold. For every n G N we rescale the maps f n , g n and H n as follows: 

/„(*) := R n+1 f n (R- n z), 
S„(z) := R' l+1 g n (R- n z), 
H n (z) := R n H n (R- n z). 

With such definitions, £f n (0) = g«(0) = 0, DH n (0) = DH n (Q) is unitary, and the identity 

H n+X o f n = g n o H n , VneN, (81) 

holds in the space of 2-jets. 

Let us study the properties of the sequence of holomorphic maps (/„). The differential of /„ 
at is 

D/„(0) = RDf n (0), 

so it satisfies the estimates 

||£>/n(0)|| <RA=: A< 1, \\Df n (0)- 1 \\<R- 1 M=:M, (82) 

where we have used (f78| . By (|73|) . the Cauchy formula implies that Df n is uniformly bounded on 
B 1 / 2 - Therefore 

Df n (z) = RDf n (R- n z) 

is uniformly bounded on -B1/2, hence (/ n ) is a bounded sequence of germs. Fix a number A such 
that A < A < 1. Together with the first of the bounds in (|82|) . a further use of the Cauchy formula 
implies that there exists < r < 1 such that for every n G N 

\j n {z)\ < k\z\ , VzEB r . (83) 

In particular, 

/ : = {fn\B r ■ B r — > _B r ) rae N 

can be seen as an object of <S . The maps 

(p n : B r -> B , (f n (z) ■= R~ n z , 

define a morphism <p: f f, which induces a holomorphic injection W</3: W/ — > Wf. By (|73l) 
and since A < R , for every m G N there is a natural number n > to so large that 

fn,m(B) C B A n- m C £? r = ip n (B r ) . 

Hence, Lemma 15.11 implies that W(f is a biholomorphism. Therefore, it is enough to show that 
Wf is biholomorphic to <C d . 

On the other hand, (g n ) is a sequence of polynomial maps of degree at most 2. By the 
conjugacy equation (|5T|) and since DH n (0) is unitary, Z)g„(0) is related to D/„(0) by left and 
right multiplication by unitary automorphisms, so by (|82|) 

||£>3„(0)|| = ||£>/„(0)|| < A, H^nCO)- 1 !! = H-D/nCO)- 1 !! < M, Vn 6 N. (84) 

The 2-homogeneous part G n of 5 n is related to the 2-homogeneous part G n of g n by 

G„(z) = R n+1 G n (R- n z) = R n+1 R- 2n G n (z) = R^G^z), (85) 
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so (iv) implies that (G„) is bounded. Similarly, (iv) implies that the sequence of polynomial maps 
(of degree at most 2) (H n ) is bounded. 

By the boundedness of (G n ), using also (jM)) . and up to the choice of a smaller r > 0, the 
Cauchy formula implies that 

|5n(z)|<A|«|, VzeB r . (86) 

In particular, (g n ) defines a bounded sequence in Sf. By (iii), (|85[) . and since the sequence of 
permutations (r„) satisfies 

Tn+i ^ r n if and only if n = 2 /l(d ~ 1) - 1 for some h G N, 

the sequence (g n ) satisfies the assumptions of Theorem 14.21 with 

kj = 2 d ~ j for j = if = max{fci,..., = 2 d-1 . 

Therefore, the basin of attraction of with respect to (g n ) is the whole C d : 

{z G C d | § n ,o(«) -> for n ->■ oo} = C d . (87) 

Since by |79]l 

A 3 M = i? 2 A 3 Af < 1 , 

by the bounds l[82"]). Theorem 15.31 implies that (/„) and (<?„) are boundely conjugated as germs: 
there exists a bounded sequence (h n ) C £f whose sequence of 2-jets is (H n ) such that 

hn+i o /„ = ,g„ o /i n , Vn G N, 

as germs. Then, by (f83|) and ([86]) . Lemma [5?2l implies that Wf is biholomorphic to Wg. Since 

1^3 ^ {z e C rf | ,g„, (z) -> for n -> oo} = C d , 

by (|87| . we conclude that W/ is biholomorphic to C d and hence so is Wf. □ 

We can restate the main theorem of the Introduction as a corollary of the above theorem. 

Corollary 6.2. Let f : X — > X be a holomorphic automorphism of a complex manifold and let 
K C X be a compact hyperbolic invariant set with stable distribution E s of complex dimension d. 
Let < A < 1 < M and C > be such that 

max||Z?/"(a;)| B J| < CA", maxll (Df n (x)\ E .) ^ II < C M n , Vn G N. 



Assume that the bunching condition 

log M 



- log A 



< 2 + e(d) 



holds, where e(d) > is defined in Theorem \6.1[ Then the stable manifold W s (x) of every x <E K 
is biholomorphic to <C d . 

The argument which allows to deduce such a result from the non-autonomous version is stan- 
dard, but we include it for sake of completeness. 

Proof. Since A 2+( -^Al < 1, we can find positive numbers 1 > A > A and M > M such that 

A 2 +< d )M < 1. (89) 



By (|88| , up to the replacement of / with a sufficiently hight iterate - an operation which does not 
change the stable manifolds - we may assume that 

max D/(x)|b s || < A, max 

\\(Df(x)\ E .) 'Il <M. (90) 
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Fix x s K. By the local stable manifold theorem, we can find a positive number r and holomorphic 
embeddings 

with domain the ball of radius r about in C d , mapping into f n {x), with Dip n (0) an isometry 
from C d to TfnM W s {f n {x)), and such that for each y £ W s {x) the point f n (y) belongs to tp n {B r ) 
for n large enough. The identities / o <p n = (p n +i ° /„ define holomorphic maps /„ : B r — > B r such 
that / n (0) = and, by flU), 

Bup||D/ n (0)|| < A, BupHD/nCO)- 1 ! < M. 

n6M neN 

Up to the choice of a smaller r, we may assume that 

sup \\Df n {z)\\ < A, sup H^/n^)- 1 !! < M, 

from which we get 

M _1 |z| < \f n (z)\ < A|z|, VzeB r , VneN. (91) 

The stable manifold W s (x) is biholomorphic to the abstract basin of attraction of with respect 
to (f n ) through the map which sends y £ W s {x) into the equivalence class of the sequence 
(Vn 1 (/ n (2/)))n>noi where n £ N is so large that f n {y) £ (p n {B r ) for every n > n . By ([89)) and 
(1*TT1) . the conclusion follows from Theorem 16. II □ 



7 Concluding remarks 

The exponents e(d) become very small already for small values of d: For instance, e(3) = 
1/5591039. Here we wish to discuss some modifications of our argument which may improve 
the constants e(d). 

The main part of the proof of Theorem 16 . 1 1 consists in finding a conjugacy (H n ) at the level of 
2-jets between the original sequence (/„) and a sequence of 2-jets (g n ) such that 

U„ h o g n o 

is a special triangular automorphism for rrih < n < m/ l+1 (in our proof, — 2' d_1 '' 1 — 1 and 
(07J is the sequence of permutations of {1, . . . , d} which is introduced in Lemma |2.1[) . 

A first idea could be to try to optimize the choice of (rnh) and (uh) - which in our proof are 
fixed once and for all - to the specific form of the sequence (f n )- In fact, in general the "best" pair 
of sequences {ah), {nth), that is the one for which one obtains the existence of a solution {H n ), 
(<7n) of the 2-jet conjugacy equation with the lowest exponential growth, depends on the sequence 
of linear maps {Df n {0)). However, it can be shown that the "worst" possible sequence {Df n {0)) 
- the one for which the exponential growth of the least growing solution {H n ), {g n ) is largest 
among all the (A, M)-pinched sequences of linear automorphisms of C d - requires sequences {ah) 
and (m/j) which would give the same exponential growth for the least growing solution {H n ), {g n ) 
associated to any (A, M )-pinched sequence {Df n {0)). Therefore, fixing the sequences (m/j) and 
{ah) does not worsen the final result. 

A first technical improvement comes from sharpening the estimates of Proposition 13 - 1 1 which 
are indeed not optimal: The optimal estimates in this proposition can be derived by generalizing 
the estimate of Lemma 13.31 (ii) to sequences S{m, n) with more general end-points to, n and 
plugging the generalized estimate into the proof of Proposition 13.21 

A second improvement comes from particularizing Theorem 14.21 to the specific situation in 
which (T/j) is the sequence of permutation automorphisms {U ah ). Indeed, since many of the U ah 's 
permute only a subset of the variables Z\, . . . , z^, one expects the basin of attraction to be the 
whole C d under growth assumptions on {mh) which are weaker than (|66|) . A weaker growth of 
{rrih) allows the conjugacy equation to be solvable under a milder bunching condition. 
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Another way of reducing the growth of the sequence of (rnu) in Theorem 14.21 is to modify the 
part of degree higher than 2 of the special triangular automorphisms f n in order to keep the degree 
of f mh+1 ,m h lower than the stable degree K . Since in the application of Theorem l5.3l we only need 
a bounded conjugacy at the level of 2-jets, we are actually allowed to work with such modified 
maps in the proof of Theorem 16.11 

We have carefully checked all these possibilities: They lead indeed to improvements of the 
sequence of exponents e(d), which however remains infinitesimal for d — > oo. On the other hand, 
such improvements also require considerable complications of the whole argument, which might 
hide the main ideas, and hence we have decided not to include them. 
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